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Abstract

In this paper, we present some new elements of g-harmonic analysis as-
sociated with a ¢g-Dunkl operator. Next, we prove a Paley-Wiener theorem
for a ¢-Dunkl transform and characterize a g-Dunkl Paley-Wiener space. Fi-
nally, we prove a ¢g-Dunkl sampling theorem, using +¢", n € Z, as sampling
points.
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1. Introduction

The celebrated classical Paley-Wiener theorem asserts that for a positive
real a, the Paley-Wiener space

PWaz{f: f(al:):\/;i7r 3

is composed by functions analytically extendable into complex plane as en-
tire functions of exponential type at most a. Here, D(—a,a) is the space
of C* functions on R with compact supports in (—a,a). Each element of
PW, is called band-limited signal.

a

elu(t)dt, w€ D(—a,a)}
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The famous Whittaker-Shannon-Kotel’nikov sampling theorem asserts
that every band-limited signal can be written as
> m \ sin(az — mn)
f(@) = n:z:oof (an> ar —mn
In the literature, these theorems are known to hold for more general trans-
forms in classical analysis as well as in Quantum Calculus (see [1], [2], [4],
[5], [7], [8], [10], [12], [15], [16] and references therein).
Recently, a g-analogue of the Dunkl transform on the real line (see [3])

has been introduced and some elements of ¢g-Dunkl harmonic analysis have
been discussed.

In this paper, we introduce and study the generalized ¢-Dunkl transla-
tion operator, we give two characterizations of the g-Dunkl Paley-Wiener
space and prove a g-sampling theorem, using +q", n € Z as sampling
points.

The paper is organized as follows: in Section 2, we present some pre-
liminary notions and notations useful in the sequel. In Section 3, we recall
some results and properties from the theory of the ¢g-Dunkl operator and
the ¢-Dunkl transform (see [3]). Next, in Section 4, we define the general-
ized g-Dunkl translation operator and discuss its properties. Section 5 is
devoted to prove a Paley-Wiener theorem, to give two characterizations of
the g-Dunkl Paley-Wiener space and to prove a ¢-Dunkl sampling theorem.

2. Notations and preliminaries

Throughout this paper, we assume ¢ € (0, 1), and we refer to the general
reference [9] for the definitions, notations and properties of the g-shifted
factorials and the g-hypergeometric functions.

We write R, = {£¢" : n € Z}, @q =R,U{0}, Ry ={¢" : neZ}

1-q (¢
[z]q = zeC and [n]!= a—gn

The ¢*-analogue differential operator is (see [13, 14])
fla ') +f(=a7"2) — fla2) + [ (—q2) — 2f(~2)

04(f)(2) = 21— q)2 =20,
glfig(l) Oq(f)(z) (in Ry) if z=0.

n € N.

1—¢q’

Remark that if f is differentiable at z, then lin% 9y(f)(z) = ['(2).
q—)
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The g-Jackson integrals are defined by (see [11])

/0 *f@)dgr = (1 - q)agq"ﬂaq”» / " fla)dgr = / ' fla)dgr - / " f@)dgr,

o0

/OOO f(x)dyz = (1—q) Z q"f(q"), /O;f(x)dqx = /Ooof(x)dqwr/ooof(x)dqx’

provided the sums converge absolutely.
In what follows, we use the notations of the following sets and spaces:
e 5,(R,) is the space of functions f defined on R, satisfying
Vn,m €N, Pymg(f) = sup | 207 f(z) [< o0

T€Ry

and al;li% Oy f(z)(in Ry) exists.

e D,(R,) is the subspace of S;(R,) composed of functions with compact
support in R, and for A C R, D,(A) is the subspace of D,(R,) constituted
of functions with supports in A.

e LX(R,) = {f: | flloc,g = sup | f(z)| < oo}.

z€R,

® Lg,q(Rq) = {f : Hpr,a,q = (/ |f($)‘p|$\2a+1dqx> ! < oo} .

— 00

3. The ¢g-Dunkl operator and the ¢g-Dunkl transform

In this section, we collect some basic properties of the g-Dunkl operator
and the ¢g-Dunkl transform introduced in [3], useful in the sequel.

1
For a > —5 the g-Dunkl operator is defined by
f(z) = f(==)

2z ’

Aag(F)(2) = 0y [Ha (/)] (2) + [2a + 1]

where Ha,q:f:fe+fo'—>fe+q2a+lfo-

It leaves the spaces S;(R,;) and Dy(R,) invariant and satisfies
+o0o

+0o0
/ Aa,q(f)(x)g(ﬂ?)lﬂv\m“dqx=—/ Aag(9)(@) f(2)|2** T dgz. (1)

—00 — 00

Furthermore, we have the following general result.
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a

LEMMA 1. Fora >0, jf/ Ao g(f)(x)g(x)|z|** T d,x exists, then

—a

/ ’ Nag(F)(@)g(@)|z** T dgz = 20> [fe(q¢7 a)go(a) + fola)ge(q " a)]

—a

- [ Ad @@ @l 2
Proof. The result follows from [3, Lemma 2], the definition of the
g-Jackson integral and the properties of the g-Dunkl operator A, 4. ]
It was shown in [3] that for each A € C, the function
. i\ .
¢a,q(xa /\) = Ja(/\$§ q2) + mja—&-l()‘x; q2) (3)

is the unique solution of the g-differential-difference equation:

{ Aa,q(f) =i\f
f(0) =1,

where j,(.; ¢?) is the normalized third Jackson’s ¢-Bessel function given by

; L 42) — - _1\n qn(n+1) o 2n
Jalz:d®) =) (1) (L =q)z)™. (4)

~ (23 ¢2)n (2D ¢2),,

The function v, 4 has a unique extension to C x C and satisfies the
following properties:

1) Forne N, z, A € C,
A g[Waq( N](@) = (IA)"Ya,q(z, A). (5)
2) Yaq(x,aX) = Yo q(azx,N) = Yo q(X ax), forall a,z, A e C.

3) For all n € N, we have

4[N
| 0 [Wag(- N](2) < (q’. q)(‘)o, for all A,z € R,. (6)
In particular, 4
| Yagl@, V) IS o=, forallz A€ Ry, (7)

4) From Lemma 1, we have for all z,y € C such that y # —=z,

. . 2a2a+2
t, t )t dgt =
5 T/)a,q( x) lba,q( y)|t] q 20 + Q]q(y + x)

. . [az .  [ay
X {yjaﬂ(ay; 7*)ja (q; q2> + Zjat1(az; ¢*)ja <q;q2> }

(8)
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The g-Dunkl transform Fy? is defined on L}, ,(Ry) (see [3]) by

@ Ca too e i L+a)"
FOULN) = 2‘1/ F(@)ag (@, =A)|2[**H gz, with cq = IEQ(aJ)rl)'

It satisfies the following properties:
2
o For all f € LL (R,), we have | FSU(f)]log < — ot

(¢; 2)oo
e For all f € L}M(Rq), such that zf € Lé7q(Rq),
Fpt(Magf)(N) = iAFR(f)(N) and Aag(Fp(f)) = —iFp?(zf).  (9)

e Plancherel theorem: F? is an isomorphism from L2  (R,) (resp.
Sy(Ry)) onto itself and for f € L2 (R,), we have

111 0q-

15 o = I s (10)
+oo
T T O@ =S [ SO N ()

4. g-Translation operator associated with the ¢g-Dunkl operator

DEFINITION 1. The generalized g-Dunkl translation operator is defined
for f € L2 ,(R,) and z,y € R, by

T30 @) = 20 [~ FG OO W aals: I, (12)

and T5"(f)(z) = f ().

The following result gives a Taylor formula for the generalized g-Dunkl
translation operator.

PrROPOSITION 1. Let f € S;(R,) satisfy the following: there exist
positive constants C and R such that

IAG 4 fll1,0.q < CR", for all n € N.

Then for all x,y € Ry,
+o0 oo
T (f)(x) =Y an(a, )AL (N @)™ =D an(e, )AL () (@)y", (13)
n=0 n=0

where i)
n(n+1

asn(a,q?) = 1 (1—-¢

(¢% @) (@t); %)y 1

1 qn(n+1) ( )

2 _ _\2n+1
a2n+1 (O[, q ) - 1— q2(a+1) X (qQ, q2)n(q2(a+2); q2)n (]‘ q) .

)Qn
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Proof. Let f € S;(R,), satisfying the condition of the proposition and
fix z,y € R;. On the one hand, from (3) and (4), we have

+oo
1/)047q(l" )\) = Z an(av q2)(1)‘x)n
n=0
and from the Plancherel theorem, we have
+o0 oo
> an(a, )AL (HW)a" = an(a, )" Fy? (FRH(AR ,f)) (—y)-
n=0 n=0
On the other hand, using the fact that for all n € N,
1FR (A6 g looqg < C1lIAG o fll1aq < C2R™,
we deduce that

) B L VTP PR

n>0""

converges. Then the Fubini theorem achieves the proof. ]

As an immediate consequence of the previous proposition, we have the
following result.

COROLLARY 1. If f satisfies the condition of Proposition 1, then for
all z € Ry, the function T5"(f)(x) is entire on C and for all z € C,

400
TOUf)(x) =Y an(a, )AL (F)(2)2".
n=0

PROPOSITION 2.
1) For f € L}, ,(Ry) U LZ ,(R,), we have

Ty (f)(@) = T2(f) (), 2y € Ry

2) For all y € ]liq and all f € Li’q(Rq) (resp. S4(Ry)), we have

o . 4
T, f € Li,q(Rq) (resp. S4(Ry)) and || T, 9 ll2,0,0< W | f

2,0, -
3) For f € Lgx,q(Rq) and y € @q, we have
FRUTy )N = taq(y, VER()(N).- (15)
4) We have the following product formula
Ty o (5 ] (2) = Yag (2, \)tag (Y5 A)- (16)
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5) For f € §4(Ry),y € Ry, we have Ao (T f = T, Ao o f
6) For all f,g € S4(Ry),

/ ST gy P gy = / Ty . ()

— 00

Proof. 1) It is an immediate consequence of the definition of the gen-
eralized g-Dunkl translation operator.

2) Let y € Ry and f € L2 (Ry)(resp. Sy(Ry)). Since thaq(.,y) is
bounded on R, (resp. belongs to S;(R,)), we have, by using the Plancherel
theorem, tha,q(., y)F?(f) € L2 ,(Ry) (resp. Sy(Ry)), and

Ty9(f) = (Fp") ™ [aq( ) F ()] € L2 4(Rg) (resp.Sy(Ry)).

Furthermore,

1T ()ll2.aq = 1EFR) ™ a9 FR (D] l2aq = IWaq( ) 5 ()20

4
< H@ba,q(-ay)Hoo,qHFg’q(f)H?,a,q < K HfHZa,q-
(¢ 9)oo

3) The result follows from the previous Plancherel theorem.
4)

5) Let f € S4(R;). From the properties of the g-Dunkl operator and
the generalized g-Dunkl translation operator, we have A, 4(f), Ty % (f),
Ao T (f) and T Aq 4(f) are in S(R,). So, by the help of the relations
(9) and (15), we get

Fp? [Aa T3] (A) = idXFRUT())I(A) = iMbaq(y, NV ER(f)(V)
and

Fp® [T3 "o q(£)] (V) = Yaq(y, N FS[Bag(HIA) = iMag (1, VR (F(N).

Proposition 1 and the relations (5) and (7) give the relation.

The Plancherel theorem achieves the proof of the relation.
6) Let f,g € S4(Ry). It is easy to see that for all t,z,y € R,, we have

[FR () () ¥ag(t 2)daq(t, —y)g(y)| < IE?()lsoql¥aq(t, 2)llg(y)]-

4
(490

Hence, since 1, 4(.,z) and g are in S;(R,) C L}X’q(Rq), the Fubini theorem
gives the desired relation. ]
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5. ¢-Dunkl Paley-Wiener theorem

In this section, for a € R, and o > —%, we introduce the g-Dunkl

Paley-Wiener space PW, as

PWea= {10 =% [ utay 0l it we D, (-a.a)}.

PROPOSITION 3.

1) The g-Dunkl transform Fp is an isomorphism from PWg, onto
D, (—a,a)).

2) Every element of the g-Dunkl Paley-Wiener space PW, is the re-

g,a
striction on R, of an entire function on C of exponential type.

Proof. 1) It follows from the definition of PW, and the Plancherel

q,a
theorem.
2) Let f € PW2,. There exists u € Dy([—a, a]) such that for all x € R,
Ca @ o
£@) =22 [ atpbag(t. o)l (18)

Since for all t € R;N[—a, al, the function ¢, 4(t, .) is entire on C and satisfies
for all R > 0 and all z € C such that |z| < R,

|u(t)thaq(t, 2) [P < a* T oo gag (R, —ia),

a
then the function / () q(t, 2)|t]** T d,t is entire on C and f is extend-

—a
able to an entire function on C.
On the other hand, making a proof as in [6, Proposition 2|, one can
show that for all z € C, and all t € R; N [—a, a], we have

Wt 2)] < 2e0HVDalzl,

2c
for all z € C < ST 2042yl eVl
So, for all z € C, |f(2)| < [2a+2]q@ ulloc,q € .

REMARK. Since Dy([—a,a]) C S;(Ry), then the Plancherel theorem

and the previous proposition assert that PW/, is a non trivial subspace of

Sq(Ry).
The two following results give some characterizations of the ¢-Dunkl
Paley-Wiener space PW',.

THEOREM 1. Let f € S;(R,). The following three statements are
equivalent:
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(1) f € PWe;

q7a’

(2) for all n > 2a+ 2 there exists ¢, > 0 such that

AL f (@)] < . fo|nak’ for all z € R, and all k € N; (19)

(3) there exist n > 2a + 2 and ¢, > 0 satisfying (19).

Proof. That (2) implies (3) is evident. It remains to prove that (1)
implies (2) and (3) implies (1).

To prove that (1) implies (2), let f € PW, and u € Dy([—a, a]) satis-
fying (18).

For all k,n € N, we have A%, 7(x) = 24 ()" / W) o, ) [E20 d
and by using (9) and (1), we get for all z € Ry,

Cong ¢ \k—n > n «
A @) = S0 AL [ vl

Since u € Dy([~a,a]), we have for all k € N, the function u(t)t* belongs
to Dy(Ry). Then, the fact that Dy(R,) is invariant by A, implies that
A%, [u(t)t*] belongs to Dy(Ry), for all k,n € N.

So, for k < n, we get by the help of (7), for all z € Ry,
2¢ e
z|"|AF f(z <a’q/ A" {uttk}
o8 < S [, uce)
From the definition of the operator A, 4, one can prove, by induction, that

for all n € N, there exists a sequence (sy,(€,7,9))_,,<;n<n.c—sq Of real num-
bers such that for all function g,

‘t‘2a+1dqt = En,k = (En,k a*k) ak.

1 n
Aogla®l == D smlen.q)gleg™).
m=—n,e==%1
So, for all k,n € N, we have
1 n
Ny [u®E] = 5 D2 smlensa) [uleq™ ) eq™)"] .
m=—n,e==+1
Since the function ¢ — [u(eqmt)(eqmt)k] , —n < m < n, has compact
support in [—q_|m|a, q_|m|a], then for k > n, we have
n
S smlenq) [ulet) (g™ )"]

m=—n,e=%1

1
tn
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n

<luloog D Ismlen.@)lg™ (¢ ™a) ™" = Cpaf .

m=—n,e=%1
Hence, for k > n,

n C
A o f ()] =

<

S [ A (a0 bt

Yo g0 [1 " pesia o= (st G ) o
(4 0)o0 Cgra ? (¢ q) o020 + 2],

4c
Finally, by taking ¢,, = max{ Sup Cn.i, x4 Crha (g "a 2a+2} 7
" o<i<n (@3 @)oo[200+2]¢ " (")

we get for all n,k € N and all z € R, ‘$”A§7qf(x)‘ < Znat.
Thus, for all n,k € N and all z € R,
(1 + |2|™) quf(x)] < cna®, with ¢ = G + Ea.
Now, suppose that f satisfies the third statement of the theorem, put u =

F(f) and fix z € Ry, such that |z| > a.
By the use of the relations (7) and (9), we obtain for all £ € N,

ngq <A§’qf> (IL') = (z)kxkFg’q(f)($) _ (zx)ku(x)

and

IN

(63 COC, o o
e (Akf) @] < %0 [ AL FO It )

o] 2041
(D)oo Jooo L+ [H]"

Then for all £ € N, - N
2Cq oo |t|2ot ](a)
u(z)| < ’q/ dit| [ — ) .

e < [t | et (i

As |z| > a, we obtain by letting k to +oo, u(x) = 0. This proves that
u € Dy([—a,a]) and f = (Fp*) " (u) € PW,. ]

THEOREM 2. The g-Dunkl Paley-Wiener space PW', is the subspace
of functions f € Sy(Ry) such that for all x € Ry, the function T" f(x) is
entire on C and for some n > 2a + 1 there exists ¢, > 0, such that

T f ()] < lfﬁ%,q(m, —ia), for allz € R, and all z € C.
x
Proof. Let f € PW,. Then there exists u € Dy([—a,a]) such that
f = (Fy")~(u). So, by the relations (9) and (11), we have for all k¥ € N
and all x € R,

‘qu(f)(a:)‘ — 0047,(1

/ tFu(t)haq(t, 2)|t]** T d,t| < Ca”.
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Hence, Corollary 1 implies that for all z € R, the function 75"? f(x) is entire
on C and for all z € C,

T2 (= Zak (@, ¢°)

AL (D @)| 121*

This inequality together with Theorem 1 implies that there exist n > 2a+2

and ¢, > 0, such that for all z € R, and all z € C,
+oo

, Cn 2 E Cn .
T2 f(x)] < w;ak(%q Naz|™ = m¢a,q(|z|,—w)-

Conversely, suppose that f € S;(R,), is satisfying: for all y € Ry, T2 f(y)
is entire on C and there exist n > 2a + 2 and ¢, > 0, such that

T2 @) < T obinallel, —ia), Vo € By ¥z €T

Let b € R, such that |b] > a. From the relation (6), we can see that the
[b] [b]

two functions / Vgt y)|t** T d,t and Vog(t, —y)|t** d,t are in
0 0

Sy(Ry), and from the relation (16), we can show that for all € Ry,

1o] 1o]

Tg’q wa,q(tv y)t’Za—qut] = 0 wa,q(t7 $)¢a,q(t7 y)’t’2a+1dqt' (20)

Now, on the one hand, the conditions satisfying by f imply that for all
R > 0 and all z € C such that |z| < R, we have:

7o f(y) [ ’ waq<t,y>|t|2a+ldqt] < A ViR, i),
: o (¢ @)oo[20 + 2]4 1+| e
the functions . "
pi(z) = Coé”/mTf’qf(y) [ [ gt AT gt | [y gy
are entire on C and for all z € C,
|9+ (2)] < Cntay(lz], —ia), (21)

ith C 2’b’2a+20a7q /00 ’ ‘2a+ld
wi =
" (g5 9)00[20 + 2] 1+ | K 4 a¥

On the other hand, from the relations (17) and (20), the Fubini theorem
and the fact that for all x € Ry, all y € R; and all t € R, such that
0 <t < |b], we have

| () Pag(t, £Y)¥aq(t, )|yt T | <

16|b|2a+lcn |y|2a+1

GL 1+]yP and n > 2a+2,




370 F. Nouri, S. Bouaziz, N. Bettaibi

one can see that for all z € I@q,
[o]
p+(z) = ; FR(f)(Ft)aq(t, o)t d,t.

[o]
Furthermore, it is not hard to prove that / EU() (F) Yo (t, £2)|t2* T d t

are entire on C, since for all 0 <t < |b|, 1q4(%,.) is entire on C, and for all
R > 0 and all z € C such that |z| < R,

|Ep(F) (F)aq(t, £2) [P < P ERN(f) | oo,qWaq (R, —ilb]).
But 0 is a limit point of I@q, so the analytic theorem shows that for all z € C,

[l
p(2) = ; FR(f)(Ft)daq(t, £2) [t dgt.

Hence, from (21),we obtain, since a,b € R, and |b| > a, for all z € C

[b]
/0 Fg’q(f)(ﬂFt)%g(t, iz)’t’2a+1dqt < Cnf‘/}a,q(|z|? —ia) < ana,q("z‘v —iq|b|).

So, for all z € C,

1b2052 | F&9( £) (F[b]) g (], £2) | — Zpa,q ) (F1blg" ) ba,q(|blg", £2)

k=1

> ’bqk|(2a+2)’ <

a(lz], —iq|b]).

Moreover, F(f) is bounded on R,, then using the fact that for all z € C
and all positive integer k, )¢a7q(|b|qk, j:z)‘ < Yaq(lz], —ig|b]), we get

) ~ Yaq(|2], —iglb])
9V (b C A '
[ER()(b)] < [Paq(b], £2)]

A replacement of z by iz or —ix gives

Yoz, —iglb])
FR O <C )

for all z € Ry 1.

But, o]
277 [Yaq(x, —ilbl) = 1 = [bl] = Zak(a, ¢*) (b)) =2

= ag(a, ¢*) (b)) P2 +Za2k+1 a,¢%)([p])
k=1 k=1

Z %,q(x, _iQ|b‘)
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and lim v, 4(x, —i|b]) = 0o, then

Pag(x, —i[b]) =1 — [blz

Lo Yl ~iglb)

lim - =1 and : =0.
00 Yaq(w, —ib]) w00 g q(x, —i[b])
Thus u(b) = F/(f)(£/|b]) = 0, which proves that u = F)(f) € Dy([—a, a])
and as consequence f € PW7,. [

In the end of this section, using the relation (8) and making a proof as in
[5, Theorem 4], we establish the following result, which gives a g-sampling
formula for the g-Dunkl bandlimited signal, using +¢", n € Z, as sampling
points.

THEOREM 3. For f € PWj,, we have
2a20+2 (

flz) = (1-4q)

2
Ca,q) k
f(eq")E(z,a,¢e,k,q),
Pavd, 2, 2=

where: E(z,a,e,k,q)

12,6%) — Zjat1(az,¢*)ja(cag 1q", ¢%)

_ kase) [£07Gar1(cad”, ¢*)jalag”
eqt + z
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